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Abstract—This project, completed for the course
MECHENG 599: Introduction to Robotic Manip-
ulation at the University of Michigan taught by
Nima Fazeli, explores the use of a mass spring
particle model to simulate the mechanics of vari-
ous deformable objects bouncing on a flat surface,
geared toward future applications in a manipulation
pipeline. A review of a few relevant studies is con-
ducted, then the equations developed for the model
are described in detail. We then evaluate the perfor-
mance of the simulator by testing it with different
objects as well as measuring the time it takes the
algorithm to execute for various numbers of particles.
The simulator performed well for a variety of object
shapes, though as the input parameters were varied
problems arose with high stiffness, high damping,
and low mass values, which required increasingly
smaller time steps to resolve. The execution time of
the simulator appears to increase linearly with the
number of particles, so for large numbers of particles
decreasing the time step becomes less feasible. Despite
these limitations, this exploration of a simple mass
spring particle system demonstrates the predictive
strength of the method within the bounds of its
acceptable parameters.

I. INTRODUCTION

Accurate and fast methods for evaluating the
dynamics of deformable bodies are highly sought
after in fields such as robotics and computer graph-
ics, where a robust system model is relied upon
for other tasks (for example control systems or
animation). One common approach to modeling
a deformable solid is to conceptualize it as con-
sisting of numerous point masses connected by
linear elastic springs. The goal of this project is
to develop a general mass spring model (MSM)
for a 2 dimensional bouncing deformable object
of arbitrary shape in Python 3, using the numpy

library [[1]] for matrix calculations and the matplotlib
library [2l] for rendering. The object’s geometry
will be represented as a png image, with black
cells representing areas of mass and white cells
representing free space. Our program will then
take each black cell in the image and generate a
point there. The points will then be connected with
springs, and a standard Newtonian model of physics
for a point mass will be used to calculate the force
on each mass. Euler integration will be used to
calculate the effect this force has on each mass over
a discrete time step. Parameters such as the length
of the time step, the mass of each point, the stiffness
of the springs, damping coefficient, and so on will
all be configurable. The effects of adjusting these
parameters as well as the object geometry will be
explored in this report, and the performance of the
algorithm with respect to the number of points will
be evaluated.

II. LITERATURE REVIEW

Deformable body mechanics is an ongoing and
broad field of research. As this project focuses on
the bouncing of deformable bodies, a review of a
few studies relevant to this area is presented here.
Basic bouncing mechanics could be described by
a single mass spring damper system, as presented
by Nagurka et. all [3]. Their model enables the
calculation of an equivalent stiffness and damping
coefficient for a ball from measurements of the con-
tact time during the bounce, as well as an estimate
for the coefficient of restitution. Despite the fact
that model was limited by not accounting for the
drag force on the ball, insight into the mechanics of
bouncing with deformation can still be gleaned. For
example, they mention that a larger coefficient of



restitution correlates with less damping but doesn’t
correlate with stiffness.

For robotic manipulation, a more detailed model
of the object is often desired, as the goal of
manipulation is often to change either the pose
or the geometry of the object. Common methods
for modeling the deformation of deformable bodies
include particle based systems where collision me-
chanics dominate, mass spring systems as used in
this project, finite element methods, finite volume
methods, and more, as summarized by Arriola-Rios
et. all [4]. The selected model can then be fit into
the manipulation pipeline as they discuss, to be
used for model predictive control or manipulation
planning. As discussed by Arriola-Rios et. all, mass
spring models are useful for their ease of implemen-
tation and computational efficiency, however they
are limited by the difficulty both of maintaining
volume and of tuning the constants. Some work has
been done on the selection of appropriate constants
for discrete mass spring systems to approximate
the effects of the Young’s modulus for a particular
material, as explored by Lloyd et all [S]]. The paper
develops a method to assign spring stifness values
to triangular, rectangular, and tetrahedral MSM
elements by relating the stiffness matrix for each
element in its equilibrium position to that found
using a finite element model. A major limitation of
this approach was that the stiffnesses they found
were valid only for a specific Poisson ratio of %
Even still, MSM methods for defining deformable
objects are a promising area of research.

III. METHODOLOGY

Each particle in our simulation is represented
by a python class that contains the particle’s in-
stantaneous position, initial position, instantaneous
velocity, and a list of other particles it is connected
to. The class also contains the methods needed to
update the force and position of the particle.

Before any dynamics can be simulated, we first
must have particles to simulate. To this end, we
implement an algorithm to parse a png image to cre-
ate particles as well as assign connections between
particles. Given a png image and a desired particle
spacing, a particle is created for every point in the
image with a black cell, with an inital position given
by Eq. where Z; is the position of the point

Fig. 1. The 8 possible connections between the central point
(larger for emphasis) and its neighbors are shown. Obviously,
when there is no particle there, the connection is neglected.

Fig. 2. The mesh structure is shown for a 3x3 square. This
structure is continued throughout the object.

corresponding to location (u,v) in the image, and
s is the scale factor [m].
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As the particles are created, they are stored in a
list, with zeros as placeholders for empty cells in
the image. Once every particle is created, this list
is iterated through again, and a list of connected
particles is generated for each particle, such that
each particle is connected as seen in Fig. [T} Details
at the level of figuring out the array indexing are not
included here for brevity. Each of these connections
represents a spring and damper in series in between
the two points. The mesh created by these connec-
tions is visualized in Fig. [2] The diagonal elements
help the object to keep its form during simulation.
With the particles created in the object’s initial
configuration, we now need a way to change the
initial orientation. To achieve an initial angle of 6
and an initial drop height of hg, the original parti-
cles are iterated through once more. Each particle is
rotated by 6y radians using a standard 2D rotation



matrix, and it is then moved upwards a distance of
ho by simply adding this value to the y-component
of the particle’s position. The particle’s value for
the original position is also updated to reflect the
new starting position.

Once every particle is connected, the simulation
is advanced by first calculating the force on each
particle, then updating the position and velocity of
each particle. For the following equations, particle
i refers to the current particle in the list of all
particles, and particle j refers to the current particle
in particle i’s list of connected particles. The force
acting on particle i at time t ( fi,t) is given by Eq.
where f;;” is the spring force on particle i
corresponding to particle j, fcw is the damping
force on particle i corresp_(?nding to particle j, f; is
the force due to gravity, f,;, is the force due to air
resistance, and ﬁ is the contact force.
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The spring force and damping force both act in
the direction between the particles (7; ;), as defined
in Eq. |3} where &; ; is the current position of particle
i and & is the current position of particle j.
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The spring force on particle i is given by Eq.
where k;; is the stiffness of the link between
particles i and j, Z; o is the initial position of particle
i, and Z; is the initial position of particle j. For
our implementation, k;; is a constant for all links,
but it could be specified individually per link.

frij=—k —Tjol)fi; (4)

The damping force on particle i is given by Eq.
[l where c;; is the damping coefficient of the link
between particles i and j, ¥ ; is the current velocity
of particle i, and ©;; is the current velocity of
particle j. Again, for our implementation, c;; is
a constant for all links, but it could be specified
individually per link.
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The force due to gravity was assumed to be a
constant of —9.81m; in the y direction for all time

steps, where m; is the mass of particle i. Viscous

damping due to air resistance is added to more
accurately simulate the real world, and is given in
Eq. @, where c,;r; is the drag coefficient for particle
i. Again, this is set to a constant value for simplicity
in our implementation, but it could be adjusted on
a per particle basis to reflect differences in surface
roughness or other drag related properties.

(6)

With each of these forces accounted for, the con-
ditions for contact are then checked to determine if
it is necessary to add additional contact forces to
particle i at this time step. In our simple simula-
tion of an object falling to the ground, contact is
assumed when the vertical position of particle i is
less than or equal to 0. However, this formulation
of contact could be handled for an arbitrary number
of contact surfaces of arbitrary orientation. One
would simply have to check for contact and apply
the equations below for each surface. The formulae
below are expressed in general form, with the
direction of the contact normal being n. and the
direction perpendicular to that being ;. The contact
force acting on particle i 1s given by Eq. [7] where
fN is the normal force, ff is the force of friction,
and fz is an impulsive force.
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An expression for fN is given by Eqn. |8} and
an expression for fy is given by Eqn. |9, where f

is the net force calculated on the particle before
adding the contact forces and u; is the coefficient
of friction between the contact surface and particle
i.

— —

fN = (ﬁc ’ (_ ))ﬁc (®)

©))

The impulsive force is calculated such that the
speed at the next time step will be rebounding
from the point of contact, according the impulse
momentum theorem. A formula for the velocity of
particle i at the next time step (7; ;1) is given in
Eq. where € is the coefficient of restitution and,
At is the time step length for the simulation. A
formula for the corresponding impulsive force is

fr = —sign((i - Tie)ive) ]| fv || e



given in Eq. [T1]

Ui g1 = —€(Ne - Uy g)Ne + (g - Vi) (10)
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With the above equations, the force on particle
i can be calculated for each time step. Once the
force is calculated, the position and velocity of the
particle can be updated according to Eq. [I2]and Eq.
where t - 1 refers to the value of a vector at the
previous time step, which would be the value of that
vector used to determine the forces above. The %
term comes from Newton’s second law applied to
particle i with the force calculated above. At least
within the bounds of this project, everything really
does come back to ﬁzet = md.
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With these equations in hand, MSM systems of
particles can be simulated from ¢y to an arbitrary
end time by finding the force acting on each particle
then updating the state of each particle for each
time step. This method of updating the state space
is fairly standard, and could be integrated with a
controller without much change to the model itself.

IV. EXPERIMENTS

Using the MSM model described above, the
simulation was run with a variety of parameters.
The parameter set tested was far from exhaustive,
but some general trends could be gleaned from the
study.

A. Bouncing Tests

The goal of the project was to simulate bouncing
objects, so the first tests involved loading in dif-
ferent objects drawn in Adobe Photoshop™. The
results of a test run with the parameters shown in
Table [[] are shown in Fig. [3] for a square, for a beam
shape, and for a very coarse Michigan University
”M” logo. For these full animations, as well as
others, see the Appendix.

TABLE 1
PARAMETERS USED FOR EACH TRIAL.

Parameter Value Unit
N
k 5000 b
m 0.2 kg
N
C 10 o2
Cair 09 =
€ 0.7 -
W 0.6 -
0o 0.5 rad
h() 1 m
s 0.15 m
At 0.001 S
Square
Beam
Michigan M

Time >

Fig. 3. Some frames illustrating key moments in each simu-
lation are shown above, with time increasing to the right.

As seen in Fig. [3] the objects generated by the
simulator crumple and bend as one might expect.
It may be difficult to see, but the square actually
bounced up a bit after contact, while the beam and
M dissipated a lot of energy in bending and did not
bounce nearly as much.

In addition to these tests with constant parame-
ters, trials were also run while varying the parame-
ters. A complete quantitative analysis of the effects
of varying each parameter is beyond the scope of
this report just due to the shear number of them.
However, some general trends were observed as
follows. For high values of k (greater than 100,000),
high values of ¢ (greater than 100), and low values
of m (lower than 0.1), the simulation would break.



We suspect that the minimum viable time step
depends on the ratio of k and m to some degree,
and that by decreasing the time step higher stiffness
to mass ratios could be tested. However, as stiffness
increases, the system resembles a rigid body more
and more, so luckily the simulation still works fine
for the lower stiffness values that will cause the sys-
tem to exhibit the deformation this project sought to
study. As one might expect, objects bounced higher
for higher values of ¢ and higher drop heights, the
objects accelerated less for higher values of cg;,
and the vibrations ceased sooner for higher values
of c. Lower values of p caused objects to slide
more readily. Altering the starting angle 6, greatly
affected the observed dynamics, as it would affect
which particle experienced the first contact as well
as what sort of torque that contact would exhibit
on the system. It was satisfying to observe this
“torque” effect, as there is no actual implementation
for torque in the equations, but it emerges anyway,
likely due to the lattice structure of the mesh.

B. Timing Tests

The algorithm involves many iterations over
many particles, and as the particle count got higher,
the time it took to run was non trivial, so it made
sense to characterize the run time of the algorithm
for various numbers of particles. To this end, square
objects of dimensions increasing from 1x1 to 10x10
were dropped with the same parameters, and the
time it took to execute the calculations for each time
step was measured and added up over the course of
each run.

The results showing the execution time versus
number of particles are shown in Fig. 4l The rela-
tionship looked to be roughly linear for n between
1 and 100, and as such a linear regression was
performed using Microsoft Excel™. This yeilded
a best fit equation for the data, show in in Eq.
where n is the number of particles and tezecution
is the execution time. This regression had an R?
value of 0.9892, suggesting that the data is very
linear, at least in the studied region. This linear
behavior makes sense, as there is essentially a
constant number of operations to do to calculate
update each particle in each iteration.

tezecrution - 08454n - 1653 (14)
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Fig. 4. The execution time of the function is graphed versus
the number of particles in the simulation.

Runtime per Point vs Number of Points
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Fig. 5. The execution time of the function normalized w.r.t the
number of particles is graphed versus the number of particles
in the simulation.

Additionally, the execution time per number of
particles was graphed against the number of parti-
cles, as seen in Fig. [5] The relationship was notably
non-linear. We expect that this is due to the hybrid
nature of the system, as with larger numbers of
particles, more particles were likely to be inside
the object, and therefore never would contribute the
added run time needed to resolve contact.

V. DISCUSSION

Overall, we would classify this project as a suc-
cess. The goal of simulating the bouncing behavior
of deformable objects was achieved, and it was
satisfying to watch as the objects bounced and
vibrated during the simulations. That said, there
are many things that could be improved upon. The
method for calculating the discrete integrations is
known as explicit Euler integration [4]], and though
it was simple to implement, it was likely part of



the reason for the degradation of the simulation for
larger time steps. Contact between particles was
not explored, but could be implemented in much
the same way as contact between a particle and
the ground plane. Additionally, the ground plane
itself could be simulated as another object, allowing
for simulations of trampoline-like interactions. The
parameters were set to values that seemed to yield
interesting animations, but in reality tuning these
to accurately reflect real world conditions would
be a project in and of itself. Perhaps the spring
constants could be approximated from the material
properties [S]], and the friction and restitution could
be tested as well to yield more accurate results for
real objects. Additionally, nonlinear spring behavior
near the material’s yield point could be explored,
as could shear forces splitting an object into two
separate objects.

Generating a png image was convenient for our
testing, but in a real manipulation pipeline a method
to directly calculate a numpy array of the particle
positions from visual feedback would be more
useful. For large numbers of particles the simulation
runs slower than real time, so optimizations would
need to happen to enable it to operate for part of a
controller.

Additionally, small aesthetic changes to the ren-
dering would have been helpful, such as drawing
a line to show the ground and drawing lines to
show the meshes or object boundary. Also, because
the focus was not on configurability of the starting
configuration, a more complicated method to rotate
the object about its centroid rather than the origin
was not employed, although such an approach could
be useful to implement in the future.

VI. CONCLUSION
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APPENDIX

The full source code, gif files of the ani-
mations discussed in this report, and more can
be found at the following google drive link:
https://drive.google.com/drive/folders/1RTjQuMoA
ETEDZAcUif9HSFP25WmY XKkn?usp=sharing
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